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If we study the quantum effects in plasmas in terms of traditional hydrodynamics via the continuity
and Euler equations we find the quantum Bohm potential and the force of spin-spin interaction.
However, if we extend the set hydrodynamic equations beyond the 13-moments approximation, and
include the third rank tensor evolution equation along with the pressure evolution equation, we
obtain the quantum corrections to the Coulomb interaction. It is found in contrast with the fact
that hydrodynamic equations for the higher rank tensors do not contain interaction in the classic
plasmas studied in the selfconsistent (meanfield) approximation. Therefore, we present the quantum
hydrodynamic model, where the quantum effects are studied beyond the quantum Bohm potential.
Developed model is considered in two regimes: all electrons in plasmas are considered as the single
fluid, and the separate spin evolution regime, where electrons with different spin projections are
considered as two different fluids. To illustrate the fundamental meaning of found quantum effects
we demonstrate their contribution in the spectrum of the Langmuir waves and the spin-electron-
acoustic waves. It is worth to mention that the application of the pressure evolution equation ensures
that the contribution of pressure in the Langmuir wave spectrum is proportional to (3/5)v2Fe, unlike
(1/3)v2Fe appearing from hydrodynamics based on the continuity and Euler equations, where vFe
is the Fermi velocity. Same correction corresponds on other plasmas phenomena like the speed of
sound for spin-electron-acoustic waves. Moreover, it is found that novel quantum effects provide the
novel wave solutions.
PACS numbers:
Keywords: quantum hydrodynamics, pressure evolution, separate spin evolution, waves
I. INTRODUCTION
Passed two decades the quantum plasmas is intensively
studied [1], [2], [3]. Quantum effects in electron compo-
nent of plasmas becomes noticeable at low temperature,
hence, mostly, electrons are in the state of degenerate
electron gas. In 1999-2006 community was mostly fo-
cused on the quantum Bohm potential [4], [5], [6], [7], [8],
which can be interpreted as the quantum part of pressure
appearing in addition to the Fermi pressure. The quan-
tum Bohm potential increases the contribution of the
Fermi pressure. This increase becomes comparable with
the Fermi pressure if the wavelength decreases down to
average interparticle distance. Some of these effects are
described in the following reviews [9], [10].
Spin dynamics of electrons gives diverse effects in quan-
tum plasma behavior. Fundamental derivation of quan-
tum hydrodynamic equations for spin quantum plasmas
is made in 2001 [11], [12]. However, major interest to this
field appeared after 2007 [13], [14], [15], [16], [17], [18],
(see also [19]).
Presence of the spin of electron leads to additional hy-
drodynamic equation. It is the spin density evolution
equations. Quasi-classic part of the flux of spin is consid-
ered in all papers on the spin quantum plasmas. Quan-
tum part of the flux of spin, which is the analog of the
∗Electronic address: andreevpa@physics.msu.ru
quantum Bohm potential is considered in some papers
(see for instance [17]). However, the pressure-like part of
the flux of spin, called the Fermi spin current or the ther-
mal spin current, is not considered in majority of works in
this field. Its explicit form is considered in recent papers
for degenerate electrons [20], [21], [22], [23].
The separate spin evolution quantum hydrodynamics,
where electrons are considered as two different fluids is
developed in 2015 [24], [25]. This model shows that there
is the spin-electron-acoustic wave in the spin polarized
electron gas [24], [26], [27]. Its existence is caused by
the difference of pressures for the spin-up and spin-down
electrons.
There are examples of extended hydrodynamics [28],
[29], [30], where the equations for the evolution of the
second rank tensors (the momentum flux and the spin
flux) are included. It covers some spin related wave phe-
nomena in quantum plasmas.
Here, I demonstrate that the account of the higher
rank material field tensors like the momentum flux and
the third order tensor, which is the flux of the momen-
tum flux, leads to new source for quantum effects in the
quantum hydrodynamics of plasmas. It is true for the
spin-less regime since it appears as the quantum part of
the Coulomb interaction. It also gives contribution in the
spin-electron acoustic waves.
Obviously, similar generalization can be made for the
spin-spin interaction. Moreover, the third rank tensor,
which is the flux of the spin-current, evolution equation
can be also considered for complete model of spin effects.
2These generalizations are left for future papers.
This paper is organized as follows. In Sec. II some fun-
damental definitions are introduced. Final equations for
the suggested model are also presented in Sec. II. In Sec
III dispersion dependencies are derived and analyzed. In
Sec. IV a brief summary of obtained results is presented.
II. ELECTROSTATIC LIMIT OF THE
EXTENDED SEPARATE SPIN EVOLUTION
HYDRODYNAMICS
Here, I present the 20-moments quantum hydrodynam-
ics, which demonstrates novel source of quantum effects
generalizing the quantum Bohm potential contribution.
First equation of all sets of hydrodynamic equations is
the continuity equation demonstrating the conservation
of the number of particles:
∂tns +∇ · (nsvs) = 0. (1)
The velocity field v presented in the continuity equa-
tion obeys the Euler equation, which has the following
form for bosons in the BEC state
mns∂tv
α
s +mns(vs · ∇)vαs + ∂βTαβs
+ ∂βp
αβ
s = −qens∂αΦ. (2)
The electrostatic potential Φ on the right-hand side of
equation (2) has the following explicit form:
Φ(r, t) = qe
∫
dr′
1
|r− r′| (n↑(r
′, t) + n↓(r
′, t)− n0i). (3)
Quasi-electrostatic potential Φ(r, t) (3) obeys the Pois-
son equation
△Φ = −4piqe(n↑ + n↓ − n0i), (4)
where n0i is the equilibrium concentration of ions.
The left-hand side of the Euler equation contains the
tensor associated with the quantum Bohm potential Tαβs .
The noninteracting part of the quantum Bohm potential
is given by equation
Tαβs = −
h¯2
4m
[
∂α∂βns − ∂αns · ∂βns
ns
]
. (5)
Deviations from the pressure and the noninteracting part
of the quantum Bohm potential appear together pαβs +
Tαβs . We present all deviations from the Fermi pressure
and noninteracting part of the quantum Bohm potential
Tαβ0s are presented in terms of the pressure p
αβ
s .
The partial pressure pαβs is an independent function.
Therefore, equation of pressure is derived:
∂tp
αβ
s + ∂γ(v
γ
s p
αβ
s ) + p
αγ
s ∂γv
β
s + p
βγ
s ∂γv
α
s + ∂γQ
αβγ
s = 0.
(6)
Purely quantum terms like Tαβs and the third rank quan-
tum Bohm potential tensor Tαβγs cancel each other in
equation (6).
The pressure evolution equation (6) obviously contains
an independent function Qαβγs , which is the third rank
tensor. Next, I derive the evolution equation for this
third rank tensor:
∂tQ
αβγ
s + ∂δ(v
δ
sQ
αβγ
s ) +Q
αγδ
s ∂δv
β
s +Q
βγδ
s ∂δv
α
s
+Qαβδ∂δv
γ
s + ∂δP
αβγδ
s =
h¯2
4m3
qens∂
α∂β∂γΦ. (7)
The complete expression for this equation is presented
and discussed in the Supplementary Material before trun-
cation is made.
Equation (7) contains some independent functions.
Derivation of equation (7) is motivated by an attempt
to find new quantum effects, which are presented mainly
by the first term on the right-hand side of equation (7). It
is proportional to h¯2 while other terms are proportional
to h¯4. However, terms proportional to h¯4 can be cru-
cial in the regime of the separate spin evolution as it is
demonstrated below. It is expected that further deriva-
tion of hydrodynamic equations for the higher rank ten-
sors gives small corrections which are proportional to h¯4
and h¯6. For instance, the derivation shows that the evo-
lution equation for the fifth rank tensor contains the in-
teraction term proportional to h¯4∂α∂β∂γ∂δ∂µΦe. There-
fore, I make truncation in the third rank tensor evolution
equation. To get closed set of hydrodynamic equations.
I derive equation of state for Pαβγδs . For the zero tem-
perature Fermi distribution function it has the following
form:
Pαβγδs =
6pi2
35
Iαβγδ0 (6pi
2)
1
3
h¯4n
7
3
s
m4
, (8)
where
Iαβγδ0 = δ
αβδγδ + δαγδβδ + δαδδβγ . (9)
Calculation of this equation is given in the Supplemen-
tary Material.
The application of equation of state for the pressure
perturbations in the Euler equation gives shift of the
speed of sound. Similarly, the application of expression
(8) for the perturbations of Pαβγδs allows to make an es-
timation of corresponding effects, but it does not give
correct coefficient.
III. COLLECTIVE EXCITATIONS
A. Collective excitation in the electron gas
described as the single fluid
Consider the propagation of plane longitudinal waves
in the isotropic macroscopically motionless electron-ion
plasma medium.
3Equilibrium concentration of electrons n0e is equal to
the equilibrium concentration of ions n0i. The ions are
assumed to be motionless for the consideration of the
high frequency excitations. The equilibrium velocity field
are equal to zero v0e = 0. The equilibrium pressure p
αβ
0e
is given by the isotropic Fermi pressure pαβ0e = δ
αβ · pFe,
where pFe = (3pi
2)2/3n
5/3
0e h¯
2/5me, p
αβ
0e = p
αβ
0u + p
αβ
0d is
the superposition of partial pressures. The equilibrium
third rank tensor is equal to zero for the zero temperature
isotropic fermions Qαβγ0e = 0 (see Supplementary Mate-
rial). The equilibrium fourth rank tensor is expressed
via the equilibrium concentration is accordance with the
expression (8):
Pαβγδ0e = P
αβγδ
0u +P
αβγδ
0d =
3pi2
35
Iαβγδ0 (3pi
2)
1
3
h¯4n
7
3
0e
m4
. (10)
The scalar potential of the electric field is equal to zero
in the equilibrium state Φ0 = 0.
Let me consider the small amplitude perturbations
of all material fields involved in the presented model
for perturbations propagating parallel to x-direction:
ne = n0e + δne, v
x
e = 0 + δv
x
e , δp
αβ
e = p
αβ
0e +
δxαδxβδpxxe , Q
αβγ
e = 0 + δ
xαδxβδxγδQxxxe , P
αβγδ
e =
Pαβγδ0e + δ
xαδxβδxγδxδδP xxxxe , and Φ = 0 + δΦ, where
δP xxxxe =
(3pi2)4/3
5
h¯4n
4/3
0e
m4e
δne =
1
5
v4Feδne, (11)
with the Fermi velocity vFe = (3pi
2n0e)
1/3h¯/me, and
Ixxxx0 = 3.
Perturbation of each function is presented in the form
of plane wave:

δne
δvxe
δpxxe
δQxxxe
δΦ

 =


Ne
Ve
Pe
Qe
Φampl

 e−ıωt+ıkx. (12)
The described procedure leads to the standard form of
the linearized continuity equation:
ωδne = kn0eδv
x
e . (13)
The linearized Euler equation has one modification.
The single element of the pressure tensor δpxxe is pre-
sented as the independent function:
ωmen0eδv
x
e − kδpxxe −
h¯2k3
4me
δne = qen0ekδΦ. (14)
The perturbation of the pressure δpxxe can be found
from the linearized pressure evolution equation:
ωδpxxe = 3kp
xx
0e δv
x
e + kδQ
xxx
e . (15)
The first term on the right-hand side of the pressure evo-
lution equation (15) provides the partial expression for
the pressure perturbation in accordance with the kinetic
model [31], [32], [23]:
δpxxpartial = 3
pxx0e
n0e
δne =
3
5
v2Feδne. (16)
Novel quantum effects enters the model via the second
term on the right-hand side of equation (15).
The linearized equation for the third order rank tensor
evolution has the following form:
ωδQxxxe = kδP
xxxx
e +
h¯2
4m2
qen0ek
3δΦ. (17)
The presented model contains the traditional form of
the linearized Poisson equation:
k2δΦ = 4piqeδne. (18)
Linearized equations (13)-(17) lead to the following
dispersion equation, which is the quadratic equation rel-
atively ω2:
ω4 − ω2
(
ω2Le +
3pxx0
mn0
k2 +
h¯2k4
4m2
)
−
(
ω2Le
h¯2k4
4m2
+ k4
δP xxxx0
δn0
)
= 0, (19)
where ω2Le = 4pie
2n0e/me is the Langmuir frequency.
The explicit form of the last term in equation (19) can
be found from equation (11). However, it is kept in un-
explicit form to track its source.
I believe it is useful to specify that I consider the regime
for the Langmuir waves. However, the quantum effects
entering the model via the evolution of the third rank
tensor gives additional solution.
Here, I present the solution of equation (19):
ω2± =
1
2
{
ω2Le +
3pxx0
mn0
k2 +
h¯2k4
4m2
±
[(
ω2Le +
3pxx0
mn0
k2 +
h¯2k4
4m2
)2
+ 4ω2Le
h¯2k4
4m2
+ k4
δP xxxx0
δn0
]1/2}
, (20)
where the terms proportional to h¯4 are dropped.
Solution ω2− can be rewritten in the following form
ω2− =
ω2−ω
2
+
ω2+
= −ω
2
Le
h¯2k4
4m2 +
1
5
v4Fek
4
ω2+
. (21)
It is clear that the second solution exists in the quasi-
classic limit. However, it is suppressed by the small ther-
mal velocity δP xxxx0 /δn0 ∼ v4T in the small temperature
4limit. In the quantum regime with temperature T below
the Fermi temperature TFe = mv
2
Fe/2 the quasi-classic
contribution is also suppressed since it is proportional to
the high degree of the Planck constant h¯4. While the
quantum-interaction part demonstrated in this paper is
proportional to the h¯2 and the large frequency value ω2Le.
Therefore, existence of solution mainly caused by the first
term on the right-hand side of equation (21) found from
the right-hand side of equation (7).
Let me consider the small wave vector limit of obtained
solution:
ω2+ = ω
2
Le, (22)
and
ω2− = −
h¯2k4
4m2
− 1
5
k4v2Fer
2
DF , (23)
where rDF = vFe/ωLe is the Debye radius for the degen-
erate electrons.
B. Spin-electron-acoustic waves
Consider the propagation of plane longitudinal waves
in the direction of the external magnetic field. The ex-
ternal magnetic field is one of mechanisms of the spin po-
larization formation. Magnetic conductive materials cre-
ate the spontaneous spin polarization of the lattice and
the electron gas. For these materials spin polarization of
electrons is nonzero even for the zero external magnetic
field. The z-axis is directed parallel to the equilibrium
spin polarization S0z = n0↑ − n0↓.
The structure of the equilibrium state and the form of
the perturbations are similar to the described above for
the single fluid regime. Evolution of perturbations leads
to the following dispersion equation:
1 =
∑
s
ω2Ls(1 +
h¯2k4
4m2ω2 )
ω2 − 3pxx0smn0s k2 − h¯
2k4
4m2 − k
4
ω2
δPxxxx
0s
δn0s
, (24)
where ω2Ls = 4pie
2n0s/m is the partial Langmuir fre-
quency.
Dispersion equation (24) is obtained for the regime,
where two waves (the Langmuir wave and the spin-
electron-acoustic wave [24]) exist in the traditional
separate-spin-evolution quantum hydrodynamics con-
struct of two continuity equations and two Euler equa-
tions [24]. Here, I find four waves. Hence, there are two
new solutions. One of them is found in the single fluid
regime. Therefore, the regime of the separate spin evo-
lution brings the novel solution.
If I drop the contribution of the third rank tensor,
equation (24) simplifies to
1 =
∑
s
ω2Ls
ω2 − 3pxx0smn0s k2 − h¯
2k4
4m2
. (25)
Equation (25) includes the contribution of the pres-
sure perturbations from the pressure evolution equa-
tion. Therefore, the speed of sound for the spin-electron-
acoustic waves corresponds to the kinetic model [23] in
contrast with hydrodynamics based on the continuity and
Euler equations [24].
IV. CONCLUSION
The extended hydrodynamic model demonstrating
novel quantum effects has been developed. These quan-
tum effects appear in addition to the well-known quan-
tum Bohm potential and spin effects. The model has
been presented for the electrostatic regime. Hence, the
Coulomb interaction is considered. Therefore, the quan-
tum corrections to the Coulomb interaction is found via
evolution of the third rank tensor. However, if one
includes the spin-spin interaction this model gives the
quantum part for the spin-spin interaction, or any other
interaction. Such generalizations will be considered in
the future publications. Here, novel quantum phenomena
in plasmas are demonstrated on the simple examples. So,
other phenomena do not cover the found quantum effects.
Presented model gives the background for re-innovation
of quantum phenomena caused by the quantum Bohm
potential.
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VI. SUPPLEMENTARY MATERIAL
A. Basic definitions, microscopic Hamiltonian of
the system, and the general structure of the
continuity equation
Description of collective behavior can be started with
the concentration or the number of particles
n =
∫
dR
N∑
i=1
δ(r− ri)Ψ†(R, t)Ψ(R, t), (26)
which is the first collective variable in our model. Other
collective variables appear during the derivation. Equa-
tion (26) contains the following notations dR =
∏N
i=1 dri
is the element of volume in 3N dimensional configura-
tional space, with N is the number of electrons. Symbol
† means the Hermitian conjugation.
If we consider the separate spin evolution hydrody-
namics we need to split concentration of electrons on
two parts: ne = n↑ + n↓. This separation is made in
accordance with the structure of the wave function
ns =
∫
dR
N∑
i=1
δ(r− ri)Ψ∗s(R, t)Ψs(R, t), (27)
where
Ψ(R, t) =
(
Ψ↑(R, t)
Ψ↓(R, t)
)
. (28)
Symbol ∗ means the complex conjugation. Sum in equa-
tion (27) is made for all electrons. The probability to
have a specified spin projection is kept in the wave func-
tion. Spin polarization of each electron can be partial.
Hˆ =
N∑
i=1
(
pˆ
2
i
2mi
)
+
1
2
∑
i,j 6=i
q2e
| ri − rj | , (29)
where mi is the mass of i-th particle, pˆi = −ıh¯∇i is the
momentum of i-th particle.
js =
∫
dR
N∑
i=1
δ(r− ri)×
× 1
2mi
(Ψ∗s(R, t)pˆiΨs(R, t) + c.c.), (30)
with c.c. is the complex conjugation.
B. General structure of the momentum balance
equation
Definition of current (30) allows to derive the Euler
equation for the current (momentum density) evolution
∂tj
α
s + ∂βΠ
αβ
s =
1
m
Fαint, (31)
6where
Παβs =
∫
dR
N∑
i=1
δ(r − ri) 1
4m2
[Ψ∗s(R, t)pˆ
α
i pˆ
β
i Ψs(R, t)
+ pˆα∗i Ψ
∗
s(R, t)pˆ
β
i Ψs(R, t) + c.c.] (32)
is the momentum flux, and
Fαint = −
∫
(∂αU(r− r′))n2,ss′ (r, r′, t)dr′, (33)
with the two-particle concentration
n2(r, r
′, t)
=
∫
dR
N∑
i,j=1,j 6=i
δ(r− ri)δ(r′ − rj)Ψ∗s(R, t)Ψs(R, t),
(34)
and the Coulomb interaction potential
U(r− r′) = q
2
e
| r− r′ | . (35)
The Euler equation has simple structure. It shows that
the time evolution of the current or the momentum den-
sity j is caused by the mechanisms. One of them is the
kinetic momentum flux presented in the left-hand side.
It is related to the motion of particles being in the fixed
states. The second mechanism is the interaction. Same
structure repeats itself in other hydrodynamic equations
for the physical quantities with the higher rank tensors.
The evolution of the chosen quantities caused by its flux
and due to the interaction.
C. General structure of equation for the second
order tensor
Extending the set of hydrodynamic equations we can
derive the equation for the momentum flux evolution.
Consider the time evolution of the momentum flux (32)
using the Schrodinger equation with Hamiltonian (29)
and derive the momentum flux evolution equation
∂tΠ
αβ
s + ∂γM
αβγ
s =
1
m
(Fαβ + F βα), (36)
where
Fαβ = −
∫
[∂αU(r− r′)]jβ
2,ss′ (r, r
′, t)dr′ (37)
represents the interaction,
Mαβγs =
∫
dR
N∑
i=1
δ(r−ri) 1
8m3i
[
Ψ∗s(R, t)pˆ
α
i pˆ
β
i pˆ
γ
iΨs(R, t)
+pˆα∗i Ψ
∗
s(R, t)pˆ
β
i pˆ
γ
iΨs(R, t) + pˆ
α∗
i pˆ
γ∗
i Ψ
∗
s(R, t)pˆ
β
i Ψs(R, t)
+ pˆγ∗i Ψ
∗
s(R, t)pˆ
α
i pˆ
β
i Ψs(R, t) + c.c.
]
(38)
is the flux of the momentum flux, and
j2,ss′(r, r
′, t) =
∫
dR
∑
i,j 6=i
δ(r− ri)δ(r′ − rj)×
× 1
2mi
(Ψ∗s(R, t)pˆiΨs(R, t) + c.c.). (39)
If quantum correlations are dropped function jα2 (r, r
′, t)
splits on product of the current jα(r, t) and the concen-
tration n(r′, t).
D. General structure of equation for the third
order tensor
General structure of the evolution equation for the
third rank tensor Mαβγs :
∂tM
αβγ
s + ∂δR
αβγδ
s
=
1
m
(FαβγQ + F
βαγ + F βαγ + F βαγ), (40)
where
FαβγQ =
h¯2
4m3
∫
[∂α∂β∂γU(r− r′)]n2(r, r′, t)dr′ (41)
is the quantum part of interaction reported in this paper,
Fαβγ = −
∫
[∂αU(r− r′)]Πβγ2 (r, r′, t)dr′ (42)
is the quasi-classic part of interaction,
Rαβγδs =
∫
dR
N∑
i=1
δ(r−ri) 1
16m4i
[
Ψ∗s(R, t)pˆ
α
i pˆ
β
i pˆ
γ
i pˆ
δ
iΨs(R, t)
+pˆα∗i Ψ
∗
s(R, t)pˆ
β
i pˆ
γ
i pˆ
δ
iΨs(R, t)+pˆ
α∗
i pˆ
γ∗
i pˆ
δ∗
i Ψ
∗
s(R, t)pˆ
β
i Ψs(R, t)
+pˆγ∗i Ψ
∗
s(R, t)pˆ
α
i pˆ
β
i pˆ
δ
iΨs(R, t)+pˆ
α∗
i pˆ
β∗
i pˆ
γ∗
i Ψ
∗
s(R, t)pˆ
δ
iΨs(R, t)
+pˆα∗i pˆ
δ∗
i Ψ
∗
s(R, t)pˆ
β
i pˆ
γ
iΨs(R, t)+pˆ
α∗
i pˆ
γ∗
i Ψ
∗
s(R, t)pˆ
β
i pˆ
δ
iΨs(R, t)
+ pˆγ∗i pˆ
δ∗
i Ψ
∗
s(R, t)pˆ
α
i pˆ
β
i Ψs(R, t) + c.c.
]
(43)
7is the flux of Mαβγs and
Παβ
2,ss′(r, r
′, t) =
∫
dR
∑
i,j 6=i
δ(r− ri)δ(r′ − rj) 1
4m2i
×
×(Ψ∗s(R, t)pˆαi pˆβi Ψs(R, t)+(pˆαi Ψs(R, t))∗pˆβi Ψs(R, t)+c.c.).
(44)
If quantum correlations are dropped function Παβ2 (r, r
′, t)
splits on product of the momentum flux Παβ(r, t) and the
concentration n(r′, t).
General untruncated form of the equation for the
”thermal” part of the third rank tensor (the part defined
in comoving frame) has the following form
∂tQ˜
αβγ
s + ∂δ(v
δ
sQ˜
αβγ
s ) + Q˜
αγδ
s ∂δv
β
s + Q˜
βγδ
s ∂δv
α
s
+Q˜αβδs ∂δv
γ
s + ∂δ(P
αβγδ
s + T
αβγδ
s ) =
h¯2
4m3
qens∂
α∂β∂γΦ
+
1
mn
[(pαβs + T
αβ
s )∂
δ(pγδs + T
γδ
s ) + (p
αγ
s + T
αγ
s )×
× ∂δ(pβδs + T βδs ) + (pβγs + T βγs )∂δ(pαδs + Tαδs )], (45)
where Q˜αβγs = Q
αβγ
s + T
αβγ
s ,
Tαβγs = −
h¯2
12m2
ns(∂
α∂βvγs + ∂
α∂γvβs + ∂
β∂γvαs ) (46)
is the third rank tensor analog of the quantum Bohm
potential, the fourth rank tensor Pαβγδs is constructed on
the thermal velocities or the velocities in the local frame,
basically the fourth rank tensor Pαβγδs is the analog of
the pressure tensor with higher tensor rank,
Tαβγδs,lin =
h¯4
8m4
√
ns∂
α∂β∂γ∂δ
√
ns
+2pαβs T
γδ
s /ns + 2p
αγ
s T
βδ
s /ns + 2p
αδ
s T
βγ
s /ns
+ 2pβγs T
αδ
s /ns + 2p
βδ
s T
αγ
s /ns + 2p
γδ
s T
αβ
s /ns. (47)
is the main part of the fourth rank tensor analog of the
quantum Bohm potential.
I should omit the term proportional to the spatial
derivatives of the fourth and second rank kinetic tensors
in accordance with estimations presented in Ref. [29],
but I keep ∂δP
αβγδ
s to get some rough estimations of the
fourth rank pressure-like tensor contribution.
E. Equilibrium expressions for the pressure and
pressure-like third and fourth rank tensors
Perturbations of pressure tensor and the third rank
tensor can be found from the corresponding equations of
evolution. However, their equilibrium values are found
via the equilibrium distribution function chosen in the
form of the Fermi step function:
pαβ0s = m
∫ pFs
0
pαpβ
d3p
(2pih¯)3
, (48)
and
Qαβγ0s =
∫ pFs
0
pαpβpγ
d3p
(2pih¯)3
= 0. (49)
The equation of state for the thermal part (or the Pauli
blocking part) of the fourth rank tensor is also found via
the equilibrium distribution function chosen in the form
of the Fermi step function:
Pαβγδ0s =
∫ pFs
0
pαpβpγpδ
d3p
(2pih¯)3
, (50)
where symbol p with no indexes is the momentum, pFs =
(6pi2n0s)
1/3h¯ is the partial Fermi momentum.
F. Fourth rank quantum Bohm potential
The fourth rank tensor, which is similar in nature with
the quantum Bohm potential, appears in the equation
for evolution of the third rank tensor (7). It has rather
complex form. Therefore, it is not demonstrated in the
main part of the paper.
Hence, this tensor is given as the superposition of three
parts:
Tαβγδs =
3∑
i=1
Tαβγδsi . (51)
The first part can be approximately written via the
concentration of fermions:
Tαβγδs1 =
h¯4
8m4
[√
n∂α∂β∂γ∂δ
√
n
+∂α∂β
√
n·∂γ∂δ√n+∂α∂γ√n·∂β∂δ√n+∂α∂δ√n·∂β∂γ√n
−∂α√n · ∂β∂γ∂δ√n− ∂β√n · ∂α∂γ∂δ√n
− ∂γ√n · ∂α∂β∂δ√n− ∂δ√n · ∂α∂β∂γ√n
]
. (52)
Similar approximation is used for the quantum Bohm
potential in equation (5).
8The second part of tensor Tαβγδs contains the tradi-
tional quantum Bohm potential:
Tαβγδs2 = 2
[
vγvδTαβmicro+v
γ〈uδtαβ〉+vδ〈uγtαβ〉+〈uγuδtαβ〉
]
+2
[
vβvδTαγmicro + v
β〈uδtαγ〉+ vδ〈uβtαγ〉+ 〈uβuδtαγ〉
]
+2
[
vγvβTαδmicro + v
γ〈uβtαδ〉+ vβ〈uγtαδ〉+ 〈uγuβtαδ〉
]
+2
[
vαvδT βγmicro + v
α〈uδtβγ〉+ vδ〈uαtβγ〉+ 〈uαuδtβγ〉
]
+2
[
vαvγT βδmicro + v
γ〈uαtβδ〉+ vα〈uγtβδ〉+ 〈uαuγtβδ〉
]
+ 2
[
vαvβT γδmicro + v
α〈uβtγδ〉+ vβ〈uαtγδ〉+ 〈uαuβtγδ〉
]
,
(53)
where
tαβ =
h¯2
4m2
(a∂α∂βa− ∂αa · ∂βa), (54)
Tαβmicro =
h¯2
4m2
∫
dR
N∑
i=1
δ(r− ri)tαβ
=
∫
dR
N∑
i=1
δ(r − ri)(a∂α∂βa− ∂αa · ∂βa), (55)
where Tαβmicro = 〈tαβ〉. Equation (55) approximately gives
the quantum Bohm potential (5) Tαβmicro ≈ Tαβ. How-
ever, other expressions like 〈uαtβδ〉 has no simple expres-
sion. Using the theorem on average we can make the
following approximation 〈uαtβδ〉 = (Tαβ/n)〈a2uα〉 = 0,
since 〈a2uα〉 = 0 by definition of the thermal velocity.
Moreover, we find 〈uαuβtγδ〉 ≈ (T γδ/n)pαβ. These ex-
pressions are used as the equation of state for described
functions.
The third part of tensor Tαβγδs construct of the veloc-
ities
Tαβγδs3 =
h¯2
24m2
[
nvα[∂β∂γvδ + ∂γ∂δvβ + ∂β∂δvγ ]
+nvβ[∂α∂γvδ + ∂α∂δvγ + ∂γ∂δvα]
+nvγ [∂α∂βvδ + ∂α∂δvβ + ∂β∂δvα]
+nvδ[∂α∂βvγ + ∂α∂γvβ + ∂β∂γvα]
+vα[〈a2∂β∂γuδ〉+ 〈a2∂β∂δuγ〉+ 〈a2∂γ∂δuβ〉]
+vβ[〈a2∂α∂γuδ〉+ 〈a2∂α∂δuγ〉+ 〈a2∂γ∂δuα〉]
+vγ [〈a2∂α∂βuδ〉+ 〈a2∂α∂δuβ〉+ 〈a2∂β∂δuα〉]
+vδ[〈a2∂α∂βuγ〉+ 〈a2∂α∂γuβ〉+ 〈a2∂β∂γuα〉]
+[〈a2uα∂β∂γuδ〉+ 〈a2uα∂β∂δuγ〉+ 〈a2uα∂γ∂δuβ〉]
+[〈a2uβ∂α∂γuδ〉+ 〈a2uβ∂α∂δuγ〉+ 〈a2uβ∂γ∂δuα〉]
+[〈a2uγ∂α∂βuδ〉+ 〈a2uγ∂α∂δuβ〉+ 〈a2uγ∂β∂δuα〉]
+ [〈a2uδ∂α∂βuγ〉+ 〈a2uδ∂α∂γuβ〉+ 〈a2uδ∂β∂γuα〉]
]
.
(56)
Approximate equation of state for Tαβγδs3 is
Tαβγδs3,appr =
h¯2
24m2
[
nvα[∂β∂γvδ + ∂γ∂δvβ + ∂β∂δvγ ]
+nvβ[∂α∂γvδ + ∂α∂δvγ + ∂γ∂δvα]
+nvγ [∂α∂βvδ + ∂α∂δvβ + ∂β∂δvα]
+ nvδ[∂α∂βvγ + ∂α∂γvβ + ∂β∂γvα]
]
. (57)
It is equal to zero in the linear approximation for the
macroscopically motionless plasmas since it is nonlinear
on the velocity field.
G. Title of the developed approximation
Various extended hydrodynamics can be developed.
Suggested model is called 20-moment hydrodynamics. I
have five traditional moments: concentration n, projec-
tions of momentum nvx, nvy, nvz, and energy density
(or the temperature) ε = pββ. Six functions are in the
pressure tensor pαβ , but one of them is taken for the
energy density. Three functions are in the energy cur-
rent. Their account leads to the traditional 13-moments
approximation. Furthermore, the symmetric third rank
tensor Qαβγ has 10 independent elements, but three of
them give the energy current. Therefore, the account of
the third rank tensor Qαβγ makes the model 20-moment
hydrodynamics, where 20-moments are used to describe
each species. The separate spin evolution 20-moment
hydrodynamics employs 20 moments for electrons with
fixed spin projection.
